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Abstract. The Reduction Map Theorem in H. Tsuji's work | TsuOo| on nu- 
merical trivial fibrations is corrected and proven. To this purpose various 
definitions of Tsuji's new intersection numbers for pseudo-effective line bun- 
dles equipped with a positive singular hermitian metric are compared and their 
equivalence on sufficiently general smooth curves is shown. Numerically trivial 
varieties are characterized by a decomposition property of the curvature cur- 
rent. An important adjustment to the Reduction Map Theorem is to consider 
the fact that plurisubharmonic functions are singular on pluripolar sets. 
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1. Introduction 



In [tTsuOOl , H. Tsuji stated several very interesting assertions on the structure of 
pseudo-effective line bundles L on a projective manifold X. In particular he postu- 
lated the existence of a meromorphic "reduction map", which essentially says that 
through the general point of X there is a maximal irreducible L— flat subvariety. 
Moreover the reduction map should be almost holomorphic, i.e. has compact fi- 
bre s which do not meet the indeterminacy locus of the reduction map. The proofs 
of |TsuOC | use deep analytic methods and are extremely difficult to follow. In 
|BCE + 0C |, the existence of a similar reduction map for nef line bundles and that it 
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is almost holomorphic is proven by purely algebraic methods. This was also stated 



explicitly in [ Tsu00 |, but it is not clear how the two reduction maps are connected. 
The purpose of this note is first to clarify the exact meaning of the intersection 
numbers to which the term "numerical trivial" refers. Three definitions may be 
found useful in Tsuji's arguments, and it is a very subtle question when they are 
equivalent: 

Definition 1.1. Let X be a smooth projective complex manifold, let L be a holo- 
morphic line bundle on X with positive singular hermitian metric h. If C C X is 
an irreducible curve with normalization ir : C — > C such that h is well defined on 
C, i.e. h\c ^ +00, then define the intersection number 

(L, h).C := limsup —h°(C, O e {rrm*L) $ X((Tr*h) m )). 

m — >oo rn 

Here, 2((ir*h) m )) denotes the multiplier ideal sheaf of the pulled back metric (ir*h) m 
on C. 

This definition leads directly to the birational invariance of the intersection num- 
bers, i.e. for a birational morphism / : X — > X 

(f*L,h*).C = (L,h).C 



where C is the strict transform (s. subsection 2.6). 
Next, one has 

Proposition 1.2. If C is smooth, 

(L,h).C = L.C-^2u(Q hlc ,x), 

where f(0Mc,a;) is the Lelong number of the positive current &h restricted to C in 
xeC. 

This equality gives a more geometric interpretation of the intersection numbers 



(especially in the case of analytic singularities, s. Proposition |2.13| ) and is an 
important step towards a last equality. This is the most subtle one, and to formulate 
it properly, one has to remember that plurisubharmonic functions are equal to —00 
on pluripolar sets, and that for a positive current 0, the level sets of the Lelong 
numbers E C (Q) = {x G X\v(Q,x) > c} are analytic subsets of X ([Siu74|,| DemOC| 
(2.10)]): 

Definition 1.3. Let X, L, h be as in the previous definition. A smooth curve C C X 
will be called (L,h)— general iff h\c is a well defined singular metric on C and 

(i) C intersects no codim- 2- component in any of the E c (h), 

(ii) C intersects every prime divisor D C E c (h) in the regular locus D rcg 
of this divisor, C does not intersect the intersection of two such prime 
divisors, and every intersection point x has the minimal Lelong number 
v{h, x) — v(h, D) := min 2g £) u(h, z), 

(iii) for all x £ C, the Lelong numbers 

v{h\c,x) = v(h,x). 



Using methods of [|1VIE00| it is possible to show that in families of curves covering 



X (e.g. the Chow variety) every curve outside a pluripolar set is (L, h)— general, 
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s. Theorem 2.1. One can even proof the stability of this notion under certain blow 



ups, s. Lemma [LQ. The main reason for introducing this notion lies in the equality 

l{h m )-O c =l{h m )\ C =l{h$), 

which is true for (L.h)— general curves. From this one easily gets the announced 
last equality 

Theorem 1.4. For (L, h)— general smooth curves C C X , 

(L, h).C = limsup —h°(C, O c {mL) ® X(h m ) ■ O c ), 
where l(h m ) ■ O c is the image of X{h m ) <g) O c in O c . 

This equality is needed in order to be able to interchange restriction (to curves C) 
with taking global sections (of the sheaf Ox(mL) <S> I{h m )) as in the proof of the 



Key Lemma in subsection 3.2. There are explicit counterexamples for arbitrary 



curves, s. subsection 2.5. On the other hand the equality is true in general in case 



of analytic singularities, s. Proposition 2.11 



Furthermore this equality motivates the introduction of intersection numbers as 
defined above, because it associates these numbers with the sheaf OximL) ®I(h m ) 
which is useful and interesting in several ways: For certain L's and h's it occurs in 
Nadel's Vanishing Theorem. Next, an appropriately chosen metric h should encode 
the "negative part" of L in the multiplier ideal sheaves l(h m ). And for an analytic 
Zariski decomposition h the global sections of Ox(rnL) ®I{h m ) are the same as 
those of Ox{mL). 

Second, this note proves the existence of the reduction map with respect to the pair 
(L,h). The aim is to get a reduction map with numerically trivial fibers: 

Definition 1.5. Let X be a smooth projective complex manifold, let L be a pseu- 
doeffective holomorphic line bundle on X with positive singular hermitian metric 
h. Then a subvariety Y C X is called numerically trivial (with respect to (L, h)) if 
each curve C CY such that h\ c ^ oo has intersection number (L, h).C = 0. 

If X itself is numerically trivial one can prove the following consequence for the 
curvature current: 

Theorem 1.6. Let X be a smooth projective complex manifold, let L be a pseudo- 
effective line bundle on X with positive singular hermitian metric h such that X is 
(L,h) — numerically trivial. Then the curvature current Oh may be decomposed as 



where the Di form a countable set of prime divisors on X and the cii > 0. 

One has to adjust Tsuji's statement of the Reduction Map Theorem: 

Theorem 1.7. Let X be a smooth projective complex manifold, let L be a pseudo- 
effective holomorphic line bundle on X with positive singular hermitian metric h. 
Then there exists a dominant rational map f : X -~*Y with connected fibres such 
that 

(i) (L, h) is numerically trivial on fibres over points of Y outside a pluripolar 
set. 
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(ii) for all x S X outside a pluripolar set, every curve C through x with 
dim /(C) > has intersection number (L, h).C > 

Here, fibres of f are fibres of the graph Tf C X xY ^ Y seen as subschemes of X . 
Finally, f is uniquely determined up to birational equivalence of Y . 



There are two main differences to [ Tsu00| . First, the reduction map need not be 



almost holomorphic. A counter example was already given in pCE+OCfl . Second 



Tsuji ignores the fact that the singularities of arbitrary positive singular hermitian 
metrics are even more complicated than very general algebraic sets: they lie on 
pluripolar sets. This means for example, that the restriction of the singular metric 
may be well defined only on fibres over points outside a pluripolar set. But this is 
not so bad: for example, the Zariski closure of the union of these fibres is always 
the whole variety. 

After these adjustments it is possible to apply Tsuji's ideas in proving the Reduction 
Map Theorem: 

(a) For each ample divisor H and each pair (L, h) of a line bundle with a 
positive singular hermitian metric one can define a volume 

[i h (X, H + mL) : = (dim X ) ! lim sup I ~ dim x h° (X, O x (I (H + mL) ) ® I(h ml ) ) 

l — >oo 

and we have the following 
Lemma 1.8. 

(L, h) numerically not trivial => lim sup fJ>h{X, H + mL) = oo. 

m — >oc 

(b) The lemma implies that for all N there exists an mo such that for arbitrarily 
large I » there exist sections 

£ <ji e H°(X, O x (l(H + m L)) ® l(h m ° l ) ® mf ) 

for a sufficiently general point x G X. 

(c) This is used for 

Key Lemma 1.9. Let f : M — * B be a projective surjective morphism 
from a smooth variety M to a smooth curve B. Let (L,h) be a pseudo- 
effective line bundle L with positive singular hermitian metric h. Suppose 
that (L, h) is numerically trivial on all fibres F of f over a set B' C B 
not of Lebesgue measure 0. If furthermore there is an (L, h)— general curve 
W with f(W) = B , (L, h) is numerically trivial on W , then (L, h) will be 
numerically trivial on M. 

The proof is done by contradiction: Any 07 as above must be 0. 

(d) Finally the theorem i s derived from the Key Lemma with methods similar 



to those in ||BCE + 00 |. 



The intersection number equality in Theorem 1.4 is needed essentially in proving 



the Key Lemma 1.9, while the definition of the intersection number is used several 



times for switching to birationally equivalent varieties. 

Acknow ledgement. This note owes its subject and many ideas to the preprint 
|TsuOC I of H. Tsuji. He also kindly answered some questions of the author during 
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Notation. If not otherwise stated, in the following X is a smooth projective complex 
manifold, L a holomorphic line bundle on X with positive singular hermitian metric 
h. On any trivialization 9 : L\q ^SJxC, this metric is given by 

\\Z\\ = |0(O|e-*< x >, xeSl,£eL s . 

The function <fi £ L\ oc (£l) is called the weight of the metric with respect to the 
trivialization 9, and h is positive iff <f> is plurisubharmonic. In that case, the Lelong 
number of h (or <fi) in zq € X is defined as 



u(h, zq) = v(<f>, zo) = liminf j r . 

2^2 l0g|Z — ZQ\ 

If C C X is a smooth curve and h\c ^ °° ; the metric h\c will be a positive singular 
hermitian metric on C, and there are Lelong numbers v{h\ c , x) for points x G C. 

2. Intersection numbers 



The aim of this section is to prove Proposition L2 , Theorem L6 and Theorem [L4| 



To this purpose one has to study the behavior of slices of positive currents, especially 
what happens to their Lelong numbers. 

Furthermore, the birational invariance of intersection numbers is shown, and inter- 
section numbers are computed on log resolutions in case of analytic singularities. 

2.1. Slices of positive currents. The aim is to prove the following 

Theorem 2.1. Let it : X — > B be a smooth family X of smooth projective curves 
over a smooth quasiprojective base B. Let L be a pseudo-effective line bundle on 
X and h a positive singular hermitian metric on L. Then there is a pluripolar set 
Nb C B such that for a G B — Nb, every fibre 7r~ 1 (a), is an (L,h)— general curve. 

This Theorem is essentially a consequence of Ben Messaoud's 

Theorem 2.2. Let M , G be two complex varieties of dimension n and k, let 4> be 
a plurisubharmonic function on M and let f : M —> G be a submersion admitting 
a holomorphic section s. Then there exists a pluripolar set E C G such that for all 
aeG\E, the restricted pluripolar function 4>\f- 1 (a) ^ — 00 and 

v{4>, s (a)) = v{(j)\ } -i( a ),s{a)). 



Proof. S. flMEOOl , Cor. 5.4]. □ 



Now take an open subset U C X such that 7r : U = A k x A — > A fc with A C C the 



unit disk. Apply Theorem ^2| to the family U x A A'xA, the pulled back 



plurisubharmonic function and the section 

s:A k xA^UxA, (b,t) i-> (b,t,t). 
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Since the projection of s(A k x A) on U is an isomorphism there is pluripolar set 
Eu <zU such that for all x G U \ E v 

v((f>,x) = ^(^|7r-i(7r(x)),^)- 

Since the countable union of pluripolar sets is again pluripolar th e sa me is true for 
a pluripolar set E C X. The other two requirements of Definition L3 for an (L, h) — 
general curve also show that these curves must be fibres outside the countable union 
of analytic subsets, which is a pluripolar set. This shows the Theorem. 



2.2. Proof of Proposition 1.2. The first step is to compare the sum of the re- 
stricted Lelong numbers on arbitray curves C £ X with h\c ^ oo to the ordinary 
intersection number of C with L: 



Lemma 2.3. 



v(h\c, x) < L.C. 



> 0, too. By a the- 
ir) > c} are analytic 



Proof. Since h\ c is positive, the curvature current iG>h lc 
oremof Siu, the Lelong level sets E c {4>) = {x G X : v{ 
|Dem00 , (2.10)]. But then there are only countably many p oints (xjigpj on C 
with i/(h\ c ,Xi) 7^ 0. By Siu's decomposition formula | DemOC| , (2.18)] the current 
i&hiQ — J2iLi u (h\C) Xi)[xi] is still positive for arbitrary N (where [xi] is the inte- 
gration current of the divisor Xi). Consequently the first Chern class of the (M— ) 



divisor L\ c — J2iLi v(h\ c ,Xi)xi is > 0, hence L.C — YliLi v Q l \Ci x i) > 0, and the 



AT 



claim follows. 

Lemma 2.4. 

on C . Then: 



□ 

Let C be a smooth curve and h a positive singular hermitian metric 
1 



lim sup — deg c T{h T ' 



v(h, x). 



Proof. L{h m ) is a torsion free subsheaf of Oc, hence it corresponds to a divisor on 
C, say I(h m ) = (D(—D m ), where D m is an effective divisor on C. We show that 

(2.2.1) im\\t x D m < v(h m ,x) < mult^An + 1 • 

This is true for arbitrary positive metrics h: Choose a sufficiently small neigh- 
borhood U of x such that v(h,y) < 1 for all y € U \ {x}. Let cf)h and 6?, be 
the plurisubharmonic function and (1,1)— current corresponding to h in U. As 
explained in the proof of the previous lemma the current 6 = Oh — v{h,x)[x] is 
still positive, with v(Q,x) = 0, v{Q,y) < 1 for all y G U \ {x}. Let ip be a 
plurisubharmonic function with dd c ip = 0. Then tfih = ip + v(h, x) log \z — x| , hence 
— va\\\t x X(h) > \v(h,x)\. 

On the other hand e ~^i>+^(h,x)-Vu(h,x)\)\ og \z~x\) ig i o Ca ii y jn tegrable around x 
since the Lelong number in x is < 1, by Skoda's lemma | Dem00 , (5.6)]. This proves 
I(h) x = ((z - x)^ x ^), hence ( pp . 
Now one concludes: 

liminf — deg c D m ^ — ' lim In J' — > 1 1>( h'" . .r i 

m— >c» m 



lim inf 

rn — ^oo jn 



xGC 



lim inf 

m^oo rn 



- y v (hj- 

-n J-^i y 



,X) 



^2 V ( h l X 

xGC 



xec 
< oo. 



The inequality a — - [ma\ < — for arbitrary a € K, m € N shows the lemma. □ 
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Proposition 1.2 follows from 

(2.2.2) limsup —h°(C, O c (mL) ® O c (-D m )) = limsup — deg c (mL - D m ) 

m—>oo Til m— »oo ^ 



l2 e- 2 ^d\ L 

I LnQ 



Proof. By Lemma 2.3, deg c D m < J2 x ec K^fci x ) — m L-C. Consequently, 

deg c (mL - D m ) > 0. 

Let g(C) be the genus of the curve C. If deg c (mL — D rn ) < 2g(C) — 2 and mL — D rn 
is not effective, ff°(C, C(mi - D m )) = 0. If deg c (mi - D m ) < 2g(C) - 2 and 
mL — D m is effective, 

H°(C, 0(mL - D m )) < deg c (mL - D m ) + 1 < 2g(C) - 1. 

If deg c (mL - D m ) > 2g(C) - 2, then H x (C,0{mL - D m )) = 0, and ( fE2~2; ) will 
follow by Riemann-Roch. □ 

2.3. Proof of Theorem [PL One main ingredient of the proof, which is useful in 
many circumstances, is 

Extension Theorem 2.5 (Ohsawa-Takegoshi). Let ft C C" be a bounded open 
pseudoconvex set, L ~ {zi — . . . z n = 0}, 1 < i < n, a linear subspace, and 
ijj e Psh(il) with ^ — oo. 

Then there is a constant C > 0, only depending on n, such that for all holomorphic 
functions f on L with / Ln0 \ f\ 2e ~ 2 ^d\L < oo, there is an F G 0(il) such that 
F\l = f and 

f \F\ 2 e' 2 ^d\n<C- [ 
Jn JLnn 

Proof. S. jDemOOl , (12.9)]. □ 

Now let C be a smooth (L,h)— general fibre curve of the family X. Let D m , D' m 
be the effective divisors corresponding to the ideal sheaves I(h^,) and T(h m )\ c , as 
explained in subsection 2.2. The Extension Theorem implies a natural inclusion 

l(h$)cl(h m ) ]c , 

hence deg c D' m < deg c D m , and one can prove 

(2.3.1) limsup — h°(C, O c {mL) ® O c {-D' m )) = limsup — deg c (m£ - D' m ) 

similarly as ( |2.2.2| ). 

The {L,h)— generality implies 

l(h^ c )=l(h m ) lc . 

Proof. By Skoda's Lemma ||DemO0| , (5.6)], T{hV^) x = l{h m )\ CtX = G c , x for all 
points igC with v(h, x) — v(h\ c , x) — 0. 

Let x € C be a point with v = v(h, x) — ^(fyc, %) > 0. Then there is a divisor D 
through x locally defined by g S Ox,x, x £ D 10g and v — Vh, x — v(h,D). As in 
subsection 2.1 it follows that 

Similarly one concludes 

= (<? Lrn!/J ) C O c , x . 

□ 
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2.4. Characterization of numerically trivial varieties. The proof of Theo- 



rem |L6| starts with the Siu decomposition of the curvature current [JDemOC, (2.18)] 

i 

where the Di are the (countably many) prime divisors in the Lelong number level 
sets E c (h) and the a, = imn xe r> i v{Qh,x). 



Next, take a very ample divisor H. By Theorem [2^1j there is a smooth complete 
intersection curve C = Hi fl . . . fl H n -\, Hi G \H\ which is (L, h)— general. Now by 
Proposition 



1.2 



- (L, h).C = L.C-J2 Oi[A]|c, ^) - E v i R \c^)- 



xec i xec 



Since C is (L,h)— general the only points x G C where i/(Ofe,x) > are 
the intersection points with the regular part of the D^s where furthermore 
v(Qh,x) — v(Qh,Di) = a,i. Consequently 



But this implies 



= (L, h).C = L.C-^2 OiDi-C. 



= R.C= t R A {u>hY 
Jx 



where ojh is the strictly positive C°°— metric belonging to the very ample divisor 
H. Since R is a positive current it follows 

R = 0. 

2.5. A counterexample for non-(L, h)— general curves. First, one constructs 
a convex function x : M ^ M with slow growth at — oo (i.e. the derivation tends to 
0) such that x{~ °°) = — 00 ■ F° r example, take 



x for x > — 1 



Then one considers the plurisubharmonic function ip = max(log \zi |, xO°S l^l)) on 
C 2 . The Lelong numbers x) are everywhere because of the slow growth of x at 
— oo, but the restriction of tjj onto C = {z2 = 0} has Lelong number v(ip\c, 0) = 1. 
The induced metric h may be extended to a metric of the relatively ample line 
bundle 0(1) on the P 1 — bundle CxP 1 which yields the counterexample. 

2.6. Birational invariance. Since the intersection numbers (L,h).C are com- 
puted by pulling back to the normalization C it is obvious that the intersection 
number (it* L , it* h) .C of the strict transform C of a birational map 7r does not 
change. The aim of this subsection is to generalize this observation and to apply 
it in the case of analytic singularities, thus obtaining a more algebraic definition of 
the intersection numbers. 

Lemma 2.6. Let /i : C — > C be a finite morphism between smooth curves. Let 
(L,h) be a pseudo- effective line bundle on C with iOh > 0. Then 

{fi*L, fi*h).C = degfi ■ (L,h).C. 
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Proof. It is enough to consider the following situation: Let /U : A — > A, zhz" 
be a finite morphism on the unit disc A, let L be trivial on A and let the function 
ip G Psh(A), i6 h = dcfV*. Then 

^(■0, 0) = liminf ^ \ = liminf — = — liminf ^ -. = —v(ip o u, 0). 
|z|->o log \z\ |«|->o logjz™! n |z|->o log 1 2: | n 



Now the lemma follows by Proposition 1.2. □ 



Proposition 2.7. Lei f : Y ^ X be a surjective morphism between smooth and 
projective varieties X and Y . Let (L, h) be a pseudo- effective line bundle on X with 
iO h > 0. Then 

(L,h) numerically trivial on X (/* L, f*h) numerically trivial on Y. 

Proof. Assume first that (L,h) is numerically trivial on X. Let C C Y be an 
irreducible curve on Y with f*h\c ^ 00. When /(C) is a point, this point will lie in 
the smooth part of h, and there won't be any singularity of h on C. Consequently, 

(f*L, f*h).C = f*L.C = L.f*C = 0. 

When /(C) is another irreducible curve C then one can lift the morphism f\c to 
the smooth normalizations C, C, and the above equality follows by the lemma. 
Similarly, assume that (f*L, f*h) is numerically trivial on Y. Let C be an irre- 
ducible curve on X with h\c ^ 00. Then there exists an irreducible curve C C Y 
such that /(C) = C, and the argument is as above. □ 

The birational invariance can be used to prove the birational invariance of (L,h) — 
generality: 

Lemma 2.8. Let C be a smooth {L,h)— general curve on X, and let Z C X be a 
smooth subvariety with C (/_ Z , let ir : X — > X be the blowup of X with centre Z . 
Then the strict transform C of C is still {it* L, it* h)— general. 

Proof. The assertion is clear as long as Z n C = 0. Otherwise, let x G Z PI C be a 
point such that v(h\c,x) = 0. Then for y the unique preimage of x in C, 

= v(7r*h, y) < v(ir*h^, y) = u(h\ C , x) = 0. 

If x G Z n C is a point such that i/(h\c,%) > then C will intersect transversally 
a prime divisor D of some E c (h). Consider two cases: 

(a) Z is a point. Then the intersection of the strict transforms C C\D = 0, and 
C intersects the smooth exceptional divisor E transversally in a unique 
point y G E with n(y) = x. Furthermore, 

v(jr*h,E) > v(h, D) = v(h,x) = v{h\ c ,x) = u(7r*h,Q,y), 

hence v(ir*h,E) = v(ir*h,g,y). 

(b) dim Z > 1. Then CDD consists of one point y, and by the same argument 
as in (a), replacing E by D, it follows 

v{-K*h,D) = v(n*h\Q,y). 

D cannot be singular in y since then u(TT*h,Q,y) > iy(ir*h,y) > v(j:*h,D). 

□ 
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2.7. The case of analytic singularities. The (L, ft)— intersection numbers are 
much easier to handle if the plurisubharmonic weight of the metric ft has only 
analytic singularities: 



Definition 2.9. 

ties, if locally, (f. 



4> e Psh(fi), n c 

can be written as 



open, is said to have analytic singulari- 



v, a € 



where v is locally bounded, and the fi are (germs of) holomorphic functions. 



For example, in this case Theorem |l.4| is true for arbitrary smooth curves. Further- 
more it is easier to compute (L, ft)— intersection numbers on log resolutions. 
But first some more properties of metrics with analytic singularities: By def- 
inition, the corresponding plurisubharmonic weight may locally be written as 
4>h = § log(X] \ fi\ 2 ) + 0(1). Define J(h/a) as the ideal sheaf of germs of holo- 
morphic functions / such that 

i/i<c-(X;i/ii). 

One can easily p rove tha t J{h/a) x is the integral closure of the ideal generated by 
the germs /i (cf. [DemOO, (1.11)]). Consequently, J{h/a) is coherent. Furthermore, 



J(h/a) x = (.91, . . . , gu) = £ log(]T \g % \ 2 ) + 0(1) 



There exists log resolutions fx : X' — > X of J(h/a) with X' non-singular, i.e. 

(a) \i is proper birational, 

(b) J{h/ 'a) — J {hi a) ■ Ox 1 = Ox'(—F) where F is an effective divisor on 
X' such that F + Exc(/x) has simple normal crossing support. 

An existence proof is contained in the Hironaka package, cf. |BM97|. 

The main tool when dealing with metrics with analytic singularities is the following 

theorem which may be seen as an algebraic definition of multiplier ideals: 

Theorem 2.10. 1(h) = f-i*(K n/n - [aF]). 



Proof. See ]DemOO| , (5.9)]. 
The aim is now to prove 



□ 



Proposition 2.11. Let X be a quasi-projective manifold, L a pseudo- effective line 
bundle with positive singular hermitian metric ft. Then for every smooth curve 
CcX, 

(L,h).C = limsup — h°(C, O c {mL) <g> I(h m ) ■ O c ), 

m — ►oo Tfl 

where l(h m ) ■ O c is the image ofl(h m ) <g> O c in O c . 

Proof. Let D m ,D' m be effective divisors c orresp o nding to the torsion free ideal 
sheaves X(h^),I(h m ) ■ O c = Z(h m )\ c - By ( |2.2.2| ),{ |2.3.1fl it is enough to show that 



(2.7.1) 



lim inf — deg(- 

m—>oo m 



F) r , 



lim inf — deg c D' m 
m — >oc rn 



Let (xi)i 6 N be the countably many points on C such that mult^Dm ^ or 
multajD^, ^ for some m G N. Since C is smooth there is an open subset U C X 
containing all the Xi such that C = ifa H . . . H H n is a complete inters ection of very 
ample smooth hypersurfaces Hi C U. It is enough to prove (2.7.1) on U, hence 
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one can assume without loss of generality that C is a complete intersection on X 
as above. 

Now construct a log resolution fi : X' — * X as above such that furthermore, 

(c) the support of F contains the support of Exc(/z), 

(d) the strict transforms H[ of the Hi are smooth, ^2 Hi + F has simple nor- 
mal crossing support and /J,*H n = H' n + bjEj where the Ej are prime 
components of Exc(/i). 

One has 

Theorem 2.12 (Local vanishing). Let a C Ox be an ideal sheaf on a smooth 
quasiprojective complex variety X, and let /i : X' — * X be a log resolution of a with 
a ■ Ox> — Ox'{—F). Then for any rational c > 0: 

R j (i*O x >(K x , /x — [c ■ F]) = for j > 0. 



Proof. See flLazOq , 4.3]. □ 

This theorem is used to prove the following inclusions of ideal sheaves on H n : There 
is a c £ N independent of m such that 

Z(h m+c ) [Hn Cl(h^ H J Cl(h m ) {Hn . 



Equation ( 2.7.1 ) follows by induction and limsup m _ +00 —d m + c = lim sup m _ ) , 00 -^d m 

for sequences (c? m ) m ^i^. 

The proof of this fact is modelled on the proof of the Restriction Theorem | LazOOl 
(5.1)]. First of all, fi \ h„ '■ H' n — > H n is a log resolution of J{h/a)\H„ = J{h/a)-OH n 
by property (d) of fi. Property (c) implies that there exists c 6 N such that 

Kx'/x ~ [mctF] - caF c K x , fx - [maF] -^bjEj =: B, 

and consequently 

l(h m+c ) ]Hn = ^K xl/X - [(m + c)aF]) {Hn c ^O xl (B) lHn . 

Now, B — H' n = K X '/x — [maF] — fi*H n . Local vanishing applied on 
Jihjma) ■ 0(—H n ) implies 

R x l i*Ox'{B-H' Tl ) = 0. 

Then 

follows by taking direct images in the exact sequence 

-> X '(B - H' n ) '5 O x >(B) -» H > n (B lH ,J - 0. 
Since K H i j Hn = (Kx'/x — J2bjDj)\H' n , it follows 

{^ h J^Oh-S b \hO) = (mM K HUH n - [maF [Hk ])=l(h^ H J, 
hence the first inclusion. 

The second inclusion follows by the Ohsawa-Takegoshi Extension Theorem. □ 

The last part of this subsection shows how to compute the (L,h)— intersection 
numbers for metrics with analytic singularities on a log resolution of the ideal sheaf 
of the singularities: 
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Proposition 2.13. Let X be a smooth projective variety, let (L,h) be a pseudo- 
effective line bundle L on X with a singular hermitian metric h such that iOh > 
and h has analytic singularities. Let J(h/a) be the ideal sheaf ot these singularities, 
let /i : X — > X be a log resolution of X with [i* J(hja) — O(-F). Let C C X be 
an irreducible curve. Then 

{L,h).C = n*L.C-F.C, 
where C is the strict transform of C. 
Proof. By birational invariance, 

{L,h).C=(fi*L,n*h).C. 
But the pull back of h is just the metric given by F by definition of analytic 



singularities and log resolutions (s. [ DemO0| , (3.13)]). This implies the proposition. 

□ 

3. The Reduction Map Theorem 
3.1. The volume /x/, and numerical triviality. The aim of this subsection is 



the prove of Lemma 1.8 and the existence of a section a\ as in step (b) of the 
introduction. 

The proof is by induction on dim A". If X — C is a smooth curve, the volume will 
be 

Hh(C,H + mL) = limsupjH (C,O c (l(H + mL))®l(h ml )) = 

= limsup ydeg c c (/ (if + mL)) ®l{h ml )) = 

= deg c H + (L® m , h® m ).C = deg c H + m-{L, h).C, 



where the second and the third equality follow by equation ( 2.2.2 ), while the fourth 

is a consequence of the Lelong number formula for the intersection number. 

If dimX = n, then for every rii > there will be a hyperplane pencil in |m£f| 

with smooth center Zcl such that the general element F of the pencil is smooth, 

and for sufficiently general F, the restricted metric h\p ^ oo, 

Step 1. (L, h) is not numerically trivial on a sufficiently general F. 

Let C € X be an irreducible, not necessarily smooth curve such that (L, h).C > 0. 

Claim. For arbitrary rii 3> 0, there exists a complete intersection 

Hin...r\H n - 1 = C\j\Jc i , H t e\n t H\, 

i 

such that the Ci are irreducible smooth curves with h\Q t ^ oo. 

Proof. If n = 2, the curve C is a divisor, and for m 3> 0, the linear system \mH — C\ 
is very ample. Hence a general element C G \mH — C\ is irreducible, and hie ^ oo. 
For n > 2, the curve C is contained in irreducible hypersurface H' with h\H> ^ oo. 
For some to ^ the linear system \mH— H'\ is very ample. Hence a general element 
H" G \mH—H'\ is irreducible, and h\ H n ^ oo. Use induction on H\ = H'UH". □ 

Claim. For every irreducible curve C C X, the following inequality is true: 

(3.1.1) (L,h).C < L.C -^vie^D^C.Dj. 
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Proof. Let it : C — > C be the normalization of C. By the decomposition theorem 
of Siu [|DemOC| , (2.18)], 

iG h = J2 v ( @ '» D jW +R > R ^°> 

3 

where R is a positive residual (1,1)— current. Let <j>j, 4>r be the plurisubharmonic 
functions such that (locally) dd c (f>j — [Dj] and dd c (f>R — R. Then 

Q^h = ^h,D 3 )dd c {4> 3 o n) + dd c {^ R oir)>J2 viQ^Dj^Dj]. 
j j 
Since liminfj;—^ fji z ) > J2j liminf z ^ :r fj(z) for arbitrary functions fj, it follows 

v(Q w >h,%) ^^"{Qh, Dj)^* Dj] lX ) = ^2v(Q h ,Dj) ■ mul^vr*^ Vx E C. 

j j 

But then 

{L,h).C = L.C-J2v(®**h,x) < L.C- J2(J2^ @h ' D ^ ' mult B 7r*I> f ) = 

= L.C-^H&^D^C.Dj. 

3 

□ 



By Theorem |2.lj , on a sufficiently general fibre F, there is a smooth irreducible 
curve 

C F = H[n...H' n _ 1) HielmH], 
which is (L, h)— general. Consequently, 

(L, h).C F = L.C F - v{p h ,D j )C F .D i . 

3 

But this implies together with ( |3 . 1 . l| ) 

(£, h).C F > (L, h).{C + J2d)> 0, 

because L.C F — L.(C + Ci)- Hence F is not numerically trivial. 

Step 2. Let fi : X — > X be the blow up of X in Z, with exceptional divisor E. 

Then 

limsup Hn*h{.X, [J*(H + mL)) = oo => limsup/x/j(X, i? + mL) = oo. 

m — >oo m — >oo 

Proof. First, if y = [i*Kx + E. By the functorial property of multiplier 
ideal sheaves |Dem00| , (5.8)] this implies 1(h) = [J,*(0(E) ® l(ji*h)). Since 
I(fi*h) C O(-E) ®T(n*h) C /Cj (the sheaf of total quotient rings), it follows 

fi*T(((j,*h) ml ) C T(h ml ). 

By the projection formula, 

ft*(jfO x (l{H + mL))®l{{n*h) ml )) = O x {l(H + mL)) ® ^I((fi*h) ml ). 
Consequently, 

{i*Ox(l{H + mL)) <g> l((n* h) ml ))) < h°(X, O x {l(H + mL)) ® X(/i m/ )), 
which implies the claim. □ 
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Step 3. limsupnj^^ ^^, h (X, fx*(H + mL)) = oo. 

For lo ^> the line bundle lo^*H — E is ample on X. It is enough to show that 
limsup/z A1 */ l (X, Iq^i*(H + mL) — E) = oo. 

rn — >oo 

Let p : X — > P 1 be the projection on P 1 . Now, the sheaf 
0^{ll Q ^*(H + mL) - lE)®I(((i*h) ml10 ) is torsion free. Since p is flat, 

r 

p*{Ox(llm*{H + mL) - lE)®X{{»*h) mU °)) £* £ mJ S- 0(oj) 

8=1 

is also torsion free, hence a locally free sheaf on P 1 . Here, the a, = a^mj) and 
7- = r(m, V) depend on m, I. 

By upper semicontinuity and the Ohsawa-Takegoshi Extension Theorem, for a gen- 
eral fibre F 

r{m,l) = h (F,0 F {lloH*(H + mL)~lE)®l{{fi*h) mllo ) lF ) 
> h°(F, O F {ll fi*{H + mL) - IE) ® Z((/j*/i)™" )). 

Since (lo[i*(H + mL) — E)\ F is ample and (L l " F , h l ° F ) is not numerically trivial by 
step 2, the induction hypothesis on F implies 

(3.1.2) limsup(limsup/~ ( "~ 1) r(m, I)) = oo. 

Let /io be a C°° hermitian metric on the ample line bundle 0^-(lofj,*H — E) with 
Oh > let ^i be any C°° metric on C P i(l). Then there exists ace Q>o such 
that 9/ l0 — cir*<d hl is a positive Kahler form on X. 

Claim. £ m j <g> O v i (—cl + 1) is globally generated for all I 6 N with (c e N, ! > 0. 

Proof. By looking at the short exact sequence 

-> £ m ,j ® P i(-d) -> £ ro , ; ® O r i(-ci + 1) -> £ m)i (g> Opi/m^ -> 0, 

one sees that the vector bundle £ m> \ ® Opi(—cl + 1) is globally generated if 
H 1 (F 1 ,£ mt i ® Opi(-d)) = 0. But this cohomolo gy group is contained in 

H (F 1 ,R 1 p40x(UolJ.*(H + mL) -IE) ® Z((/i*/i)" 1 " )) ® p*O v i{-cl)). 

This higher direct image sheaf is by Nadel vanishing [ Dem00| , (5.11)], ap- 
plied on preimages in X of open affine subsets of P 1 and the big line bundle 
UoH*(H + mL) — IE + p*Opi(— cl) equipped with the positive singular hermitian 
metric h l (g> {p*h 1 ) cl <g> {^*h) mll °. □ 

The claim implies limsup^^ i (min, <Zj) > c, hence 

l~ n ■ h (X,Ox(Uo(J-*(H + mL) - lE)®l(( f i*h) mll °)) = 

= r™-/i°(P 1 ,£ m ,0 > r^-^rim, 1)1^ {mm a,) > c- H n_1 V(m,0 

( |3,1.2| ) implies step 3, and Lemma L8 is proven. 

Lemma 3.1. Let X be a complex projective variety, let (L,h) be a pseudo-effective 
line bundle with positive singular hermitian metric h. Assume that (L, h) is not nu- 
merically trivial. Letx G X be a sufficiently general point such thatl(h m ) x = Ox,x- 
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Then, for any ample line bundle H , for all N G N there exists mo 6 N such that 
for I 3> arbitrarily large there is a section 

O^atE H°(X,O x (l(H + m L)) ®l(h m ° l ) ®m% l J. 



Proof. By Lemma 1.8 there exists an mo such that the volume 
Hh{X, H + m Q L) > jV cfen * r + 1. Consequently, for I > arbitrarily large, 

njdimX , i 

h°(X, Ox(l(H + m L))®l(h m « 1 )) > — T, l dimX + o(l dimX ). 

(dim A J! 

Set T := O x (l{H + m L)) ®X{h m ° l ). Since I(h m ) x 0^, it is true that 
h°(X, Ox/m™) = ( di d jxV dimX + °( /dimX )- Usin S the sequence 

-> H°(X, T ® mf ) -> .F) -> JF ® Ox/ro™) 

one gets the lemma. □ 



3.2. The Key Lemma. The proof of the Key Lemma 1.9 starts with the blow 
up 7r : M — > M in W . Then a very general curve R in the smooth exceptional 
divisor W C M is (7r*L, ir*h)— general: If D is a prime divisor in some E c (h) with 
D fl W / 0, then the strict transform D of D will have minimal Lelong number 
u(n*h,D) > v(h,D). Now choose a very general curve R C W such that the 
branching locus tt\ r : R — > does not contain any of the countably many points 
y eW with v(h\ w ,y) > 0. Then for x e D, 

v{"K*h\n,x) — v{h\w, ^( x )) — v (h,y) = u(h,D) < v{it*h,D < v(it*h,x), 

hence u(tt* hm, x) = i/(n*h,x). For all the other x G R, the Lelong number 
i/(ir*hiR,x) = 0, hence 

= v(TT*h, x) < ls(TT*h\R, x) = 0. 

Now assume that (L, h) is not numerically trivial on M. By birational invariance, 
(tt*L, ir*h) is not numerically trivial on M, (This is an application of the definition 
of (L, h)— intersection numbers). For an ample line bundle H on M, it follows 

limsup fih(M, H + mir* L) = oo 



by Lemma [L.8| , Let xq G W be a sufficiently ge neral point such that 
I{TT*h m ) XQ = Oj^j xo for all integers m. By Lemma 3J., for all N there exists 
an mo such that for arbitrarily large I 3> there is a non-vanishing section 

m e H°(M, O s (l(H + m TT*L)) <g> l{^*h m ° l ) ® m*') - {0}. 

Let 7?. be a family of smooth intersection curves of n — 2 divisors in through 

xo which cover W. Choose do 3> such that for general fibres F of / = / o tt, 

H dimF-l . F .( H _ do W) <0. 

Claim. There exists an ^4o > independent of mo such that 

(3.2.1) dim H°{R,Or(1{H + m w*L) - sW) ®l{Tt*h m ° l )\ R ) < A ■ I + o(l) 

for all curves R G 1Z with /iijj ^ oo and for all < s < dol. 
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Proof. Since (7r*L,7r*/i) is numerically trivial on W, 



(n*L,n*h).R = limsup — deg R (0 R (m-K* L) ®X{-n*h m )\ R ) = 0. 

m — >oo Tfl 



(This is the application of Theorem |l .4j , i.e. the (L, h) — generality of R.) Conse- 
quently, 

deg R (0 R (l(H + m Tr*L) - sW) ® 1(tt* h m ° l ) {R ) = deg R (0 R (lH - sW) + 

deg R {O R {lm TT*L)®X(TT*h m " 1 ' 
< A -l + o(l) 

for some A > 0, as long as < s < dol. 

If W.R < the ampleness of H will imply by Riemann-Roch that 

H 1 (R, O r (1(H + m %*L) - sW) <8> I(n*h m ° l ) lR ) = 
andjience the claim. 

If W.R > there will exist an ao such that for all s > ao the cohomology group 
H (R,O R (sW)) ^ 0. Therefore, 

h°{R, O r (1(H + m TT*L) - sW) $ 1(tt* h m " l ) {R ) < 

h°{R, O r (1{H + m ir*L)) ® l{n*h mol )\ R ), 

and this gives the claim for a Q < s < d l. For s < a one can argue as above with 
H ample and Riemann-Roch. □ 

Now choose N > A + d . Then 

for the corresponding section 

a llR 6 H°(R, O r (1(H + m n*L)) ® l(w*h m °% ® ttt^J. 
Because s = (3.2.1) implies that o~i\ R = for ^ ^ depending on i?. But since 

cri vanishes on a Zariski closed subset and the curves in 1Z cover W, there exists an 
/ ^ such that = and 

cr, € H°(M, 0^(1{H + m TT*L) — W) ® I(ir*h m ° l ) ® m^ 1 ). 

By repeating the argument for < s < dol one finally gets 

<ri £ H°(M, 0^{1{H + m n*L) - d lW) ® I(ir*h m ° l j). 

Let .F be sufficiently general, ir*h\ F ^ oo and (7r*L,7r*/i) numerically trivial on F. 
Let 5p be a family of smooth intersection curves of dimF — 1 divisors in \Hip\ 

covering F. Let S G Sf be such a curve, 7r*/i|s ^ oo, and assume that S HW ^ ®. 
Since (TT*L,n*h) is numerically trivial on F, 

{Tr*L,ir*h).S = limsup — deg s (O s (m7r*i) ®X(7r*/i m )| S ) = 0. 

m — >oo ?Tl 

Furthermore, by assumption 

S.(# - d W) = H^^.F.iH - d a W) < 0, 

hence 

deg s (O s (l(H + mir*L) - d W) ® Z(7r*/i moi )| S ) < 
for some I ^> 0, and as above one concludes a t i F = 0, er; = which is a contradiction. 
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3.3. Proof of the pseudo-effective Reduction Map Theorem. The main con- 
struction used in this proof is described by the following 

Lemma 3.2. Let X be a complex projective variety, let M be a set of subvarieties 
F m C X, m e M , such that the union UmeM-^m C X is not contained in a 
pluripolar set in X . Then there is a family $ C X x B of subschemes of X , 
covering the whole of X, and a set fi'cB not contained in a pluripolar set of B, 
parametrizing subvarieties F. m , m € M . 

Proof. M may be interpreted as a subset of Chow(X). There are only count- 
ably many components of Chow(X). Hence there must be at least one compo- 
nent C C Chow(X) such that the subschemes parametrized by the Zariski closure 
Z = C n M cover the whole of X, and C(1M is not a pluripolar set in Z. Otherwise, 
the subvarieties F m , m S M, are contained in a pluripolar set of X, contradic- 
tion. □ 

Consider families / : X — > TV with the following properties: 

(i) X C X x J\f, X,7V quasi-projective, irreducible, general fibres are subvari- 
eties of X; 

(ii) the projection p : X — » X is generically finite; 

(iii) (L, h) is defined and numerically trivial on sufficiently general fibres of /, 
i.e. on a set of fibres A4 C N which is not contained in a pluripolar set; 

(iv) the fibres are generically unique, i.e. if U C N is an open subset such that 
f\u is flat then the induced map U — » Hilb(X) will be generically bijective. 

The identity map id : X — ► X is such a family, hence there is one with minimal 
base dimension dim W. 

Claim. The projection p : X — > X is birational on such a minimal family / : X — » J\f. 
Proof. Assume that p is not birational. 

Then, for a general fibre F of / and a general point x 6 F there is another fibre 
F' containing x, hence a curve C with x G C C F' and C <f_ F. Consequently, 
one gets a family of curves g : € — > AA with £ C I x M giving a generically 
finite covering of X such that for the general g— fibre curve C the /— projection 
has dim /(C) = 1. By blowing up and base change one can assume the following 
situation: 




where <L, M and Af are smooth, the general fibres of g are smooth curves and the 
fibres of / map onto fibres of / in X. Furthermore, the maps p and 7r are generically 
finite. 

Let (L,h) be the pulled back (L,h). Take an (L,h)— general g— fibre curve C 
in € such that the general /— fibre through points of C is smooth. Look at the 
subvariety Gc = / _1 (/(C)) C €. It may be not smooth, but by the smoothness of 



the general /—fibre, the singular locus does not contain C. Hence using Lemma 2.8 



an embedded resolution of Gc in € gives a smooth subvariety Gc in the blow up 
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£ such that the strict transform C of C is still (fi*L, fx*h)— general in £. By the 
following lemma, C is also V*h)~ general in Gc, and one can apply the Key 

Lemma: Gc is {(J<*L, [i*h) — numerically trivial. By birational invariance this is true 
for the image of Gc in X, too. But dim Gc > dimF. Since all curves in a family 



are (L,h) — general outside a pluripolar set, the construction in Lemma |3.2| gives a 
new family 

satisfying conditions (i) - (iv), and 

dim A4 = dim X — dim G = dim X — (dim M' + dim F) < dim X — dim F = dim J\f 
for fibres G of g. This is a contradiction to the minimality of dimA/". □ 

Lemma 3.3. Let Y C X be a smooth subvariety in a projective complex variety X 
with a pseudo-effective line bundle L and a positive singular hermitian metric h on 
L such that h\y ^ oo. Then an (L, h)— general curve is also an (Liy, /iiy)— general 
curve on Y . 

Proof. v{h\ c ,x) = implies = f(hiy,x) < v(h\ c ,x) = 0, hence 
v(h\y,x) = v(h\(j, x). 

v(h\Q,x) > implies that x € D for some prime divisor D on some E c (h). The 
restricted divisor Di Y may be singular but not in x: Then, 

i/(h\ Y ,x) > v>(h\ Y ,D\ Y ) > v{h,D) = u(h\ c ,x), 

contradiction. □ 

In the same way one shows 

Claim. Let g : X — > N be another family satisfying the conditions (i) - (iv) . Then 
there is a commutative diagram of rational maps 

X* - -I 

/ 

AA^ - -a7 

such that the general fibre of g is contained in a fibre of /. □ 
On the one hand, this claim implies the birational uniqueness of /. On the other 
hand one can prove claim (ii) in the pseudo-effective Reduction Map Theorem: If 
(ii) is not satisfied there will be a set of points N C X which is not contained in a 
pluripolar set such that 

V x E N 3 C x 3 x irreducible curve, dim f{C x ) = 1 : (L, h).C x = 0. 



By Lemma 3.2 one gets a family of curves satisfying conditions (i)-(iv). The claim 
implies that the general fibre of this family is contained in a fibre of /, hence also 
some of the curves C x : contradiction. 

Finally it is possible to prove that in part (i) of the Reduction Map Theorem, all 
fibres outside a pluripolar set are (L, h)— numerically trivial: This pluripolar set 
is just the set of fibres F such that h\ F = oo. Because assume to the contrary 
that C C F is a curve on a fibre F such that h\c ^ oo, hence h\p ^ oo, and C is 



not (L, h)— numerically trivial. Then, as in step 1 of subsection 3JJ , (L, h) is not 
numerically trivial on sufficiently general fibres F, contradiction ! 
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